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Preface

This book is an introduction to the theory of Lie groups and Lie algebras, with
emphasis on the theory of semisimple Lie algebras. It can serve as a basis for
a two-semester graduate course or – omitting some material – as a basis for
a rather intensive one-semester course. The book includes a large number of
exercises.
The material covered in the book ranges from basic deﬁnitions of Lie groups
to the theory of root systems and highest weight representations of semisimple Lie algebras; however, to keep book size small, the structure theory of
semisimple and compact Lie groups is not covered.
Exposition follows the style of famous Serre’s textbook on Lie algebras
[47]: we tried to make the book more readable by stressing ideas of the proofs
rather than technical details. In many cases, details of the proofs are given
in exercises (always providing sufﬁcient hints so that good students should
have no difﬁculty completing the proof). In some cases, technical proofs are
omitted altogether; for example, we do not give proofs of Engel’s or Poincare–
Birkhoff–Witt theorems, instead providing an outline of the proof. Of course,
in such cases we give references to books containing full proofs.
It is assumed that the reader is familiar with basics of topology and differential geometry (manifolds, vector ﬁelds, differential forms, fundamental
groups, covering spaces) and basic algebra (rings, modules). Some parts of the
book require knowledge of basic homological algebra (short and long exact
sequences, Ext spaces).
Errata for this book are available on the book web page at
http://www.math.sunysb.edu/~kirillov/liegroups/.

xi

1
Introduction

In any algebra textbook, the study of group theory is usually mostly concerned
with the theory of ﬁnite, or at least ﬁnitely generated, groups. This is understandable: such groups are much easier to describe. However, most groups which
appear as groups of symmetries of various geometric objects are not ﬁnite: for
example, the group SO(3, R) of all rotations of three-dimensional space is not
ﬁnite and is not even ﬁnitely generated. Thus, much of material learned in basic
algebra course does not apply here; for example, it is not clear whether, say, the
set of all morphisms between such groups can be explicitly described.
The theory of Lie groups answers these questions by replacing the notion of a
ﬁnitely generated group by that of a Lie group – a group which at the same time
is a ﬁnite-dimensional manifold. It turns out that in many ways such groups
can be described and studied as easily as ﬁnitely generated groups – or even
easier. The key role is played by the notion of a Lie algebra, the tangent space
to G at identity. It turns out that the group operation on G deﬁnes a certain
bilinear skew-symmetric operation on g = T1 G; axiomatizing the properties
of this operation gives a deﬁnition of a Lie algebra.
The fundamental result of the theory of Lie groups is that many properties
of Lie groups are completely determined by the properties of corresponding
Lie algebras. For example, the set of morphisms between two (connected and
simply connected) Lie groups is the same as the set of morphisms between the
corresponding Lie algebras; thus, describing them is essentially reduced to a
linear algebra problem.
Similarly, Lie algebras also provide a key to the study of the structure of Lie
groups and their representations. In particular, this allows one to get a complete
classiﬁcation of a large class of Lie groups (semisimple and more generally,
reductive Lie groups; this includes all compact Lie groups and all classical
Lie groups such as SO(n, R)) in terms of relatively simple geometric objects,
so-called root systems. This result is considered by many mathematicians
1
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(including the author of this book) to be one of the most beautiful achievements
in all of mathematics. We will cover it in Chapter 7.
To conclude this introduction, we will give a simple example which shows
how Lie groups naturally appear as groups of symmetries of various objects –
and how one can use the theory of Lie groups and Lie algebras to make use of
these symmetries.
Let S 2 ⊂ R3 be the unit sphere. Deﬁne the Laplace operator sph :
∞
C (S 2 ) → C ∞ (S 2 ) by sph f = (f˜ )|S 2 , where f˜ is the result of extending
f to R3 − {0} (constant along each ray), and  is the usual Laplace operator
in R3 . It is easy to see that sph is a second-order differential operator on the
sphere; one can write explicit formulas for it in the spherical coordinates, but
they are not particularly nice.
For many applications, it is important to know the eigenvalues and eigenfunctions of sph . In particular, this problem arises in quantum mechanics:
the eigenvalues are related to the energy levels of a hydrogen atom in quantum mechanical description. Unfortunately, trying to ﬁnd the eigenfunctions by
brute force gives a second-order differential equation which is very difﬁcult to
solve.
However, it is easy to notice that this problem has some symmetry – namely,
the group SO(3, R) acting on the sphere by rotations. How can one use this
symmetry?
If we had just one symmetry, given by some rotation R : S 2 → S 2 , we could
consider its action on the space of complex-valued functions C ∞ (S 2 , C). If we
could diagonalize this operator, this would help us study sph : it is a general
result of linear algebra that if A, B are two commuting operators, and A is
diagonalizable, then B must preserve eigenspaces for A. Applying this to pair
R, sph , we get that sph preserves eigenspaces for R, so we can diagonalize
sph independently in each of the eigenspaces.
However, this will not solve the problem: for each individual rotation R, the
eigenspaces will still be too large (in fact, inﬁnite-dimensional), so diagonalizing sph in each of them is not very easy either. This is not surprising: after all,
we only used one of many symmetries. Can we use all of rotations R ∈ SO(3, R)
simultaneously?
This, however, presents two problems.
• SO(3, R) is not a ﬁnitely generated group, so apparently we will need to use

inﬁnitely (in fact uncountably) many different symmetries and diagonalize
each of them.
• SO(3, R) is not commutative, so different operators from SO(3, R) can not
be diagonalized simultaneously.
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The goal of the theory of Lie groups is to give tools to deal with these (and
similar) problems. In short, the answer to the ﬁrst problem is that SO(3, R) is in
a certain sense ﬁnitely generated – namely, it is generated by three generators,
“inﬁnitesimal rotations” around x, y, z axes (see details in Example 3.10).
The answer to the second problem is that instead of decomposing the
C ∞ (S 2 , C) into a direct sum of common eigenspaces for operators R ∈
SO(3, R), we need to decompose it into “irreducible representations” of
SO(3, R). In order to do this, we need to develop the theory of representations of SO(3, R). We will do this and complete the analysis of this example in
Section 4.8.

2
Lie groups: basic deﬁnitions

2.1. Reminders from differential geometry
This book assumes that the reader is familiar with basic notions of differential
geometry, as covered for example, in [49]. For reader’s convenience, in this
section we brieﬂy remind some deﬁnitions and ﬁx notation.
Unless otherwise speciﬁed, all manifolds considered in this book will be
C ∞ real manifolds; the word “smooth” will mean C ∞ . All manifolds we will
consider will have at most countably many connected components.
For a manifold M and a point m ∈ M , we denote by Tm M the tangent
space to M at point m, and by TM the tangent bundle to M . The space of
vector ﬁelds on M (i.e., global sections of TM ) is denoted by Vect(M ). For a
morphism f : X → Y and a point x ∈ X , we denote by f∗ : Tx X → Tf (x) Y the
corresponding map of tangent spaces.
Recall that a morphism f : X → Y is called an immersion if rank f∗ = dim X
for every point x ∈ X ; in this case, one can choose local coordinates in a
neighborhood of x ∈ X and in a neighborhood of f (x) ∈ Y such that f is given
by f (x1 , . . . xn ) = (x1 , . . . , xn , 0, . . . 0).
An immersed submanifold in a manifold M is a subset N ⊂ M with a structure
of a manifold (not necessarily the one inherited from M !) such that inclusion
map i : N → M is an immersion. Note that the manifold structure on N is part
of the data: in general, it is not unique. However, it is usually suppressed in the
notation. Note also that for any point p ∈ N , the tangent space to N is naturally
a subspace of tangent space to M : Tp N ⊂ Tp M .
An embedded submanifold N ⊂ M is an immersed submanifold such that
the inclusion map i : N → M is a homeomorphism. In this case the smooth
structure on N is uniquely determined by the smooth structure on M .
Following Spivak, we will use the word “submanifold” for embedded
submanifolds (note that many books use word submanifold for immersed
submanifolds).
4
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All of the notions above have complex analogs, in which real manifolds
are replaced by complex analytic manifolds and smooth maps by holomorphic
maps. We refer the reader to [49] for details.

2.2. Lie groups, subgroups, and cosets
Deﬁnition 2.1. A(real) Lie group is a set G with two structures: G is a group and
G is a manifold. These structures agree in the following sense: multiplication
map G × G → G and inversion map G → G are smooth maps.
A morphism of Lie groups is a smooth map which also preserves the group
operation: f (gh) = f (g)f (h), f (1) = 1. We will use the standard notation Im f ,
Ker f for image and kernel of a morphism.
The word “real” is used to distinguish these Lie groups from complex Lie
groups deﬁned below. However, it is frequently omitted: unless one wants to
stress the difference with complex case, it is common to refer to real Lie groups
as simply Lie groups.
Remark 2.2. One can also consider other classes of manifolds: C 1 , C 2 , analytic. It turns out that all of them are equivalent: every C 0 Lie group has a unique
analytic structure. This is a highly non-trivial result (it was one of Hilbert’s 20
problems), and we are not going to prove it (the proof can be found in the
book [39]). Proof of a weaker result, that C 2 implies analyticity, is much easier
and can be found in [10, Section 1.6]. In this book, “smooth” will be always
understood as C ∞ .
In a similar way, one deﬁnes complex Lie groups.
Deﬁnition 2.3. A complex Lie group is a set G with two structures: G is a group
and G is a complex analytic manifold. These structures agree in the following
sense: multiplication map G × G → G and inversion map G → G are analytic
maps.
A morphism of complex Lie groups is an analytic map which also preserves
the group operation: f (gh) = f (g)f (h), f (1) = 1.
Remark 2.4. Throughout this book, we try to treat both real and complex
cases simultaneously. Thus, most theorems in this book apply both to real and
complex Lie groups. In such cases, we will say “let G be real or complex Lie
group …” or “let G be a Lie group over K …”, where K is the base ﬁeld: K = R
for real Lie groups and K = C for complex Lie groups.
When talking about complex Lie groups, “submanifold” will mean “complex analytic submanifold”, tangent spaces will be considered as complex
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vector spaces, all morphisms between manifolds will be assumed holomorphic, etc.
Example 2.5. The following are examples of Lie groups:
(1) Rn , with the group operation given by addition
(2) R∗ = R \ {0}, ×
R+ = {x ∈ R|x > 0}, ×
(3) S 1 = {z ∈ C : |z| = 1}, ×
2
(4) GL(n, R) ⊂ Rn . Many of the groups we will consider will be subgroups
of GL(n, R) or GL(n, C).
(5) SU(2) = {A ∈ GL(2, C) | AĀt = 1, det A = 1}. Indeed, one can easily see
that

SU(2) =

α
−β̄

β
ᾱ




: α, β ∈ C, |α|2 + |β|2 = 1 .

Writing α = x1 + i x2 , β = x3 + i x4 , xi ∈ R, we see that SU(2) is
diffeomorphic to S 3 = {x12 + · · · + x42 = 1} ⊂ R4 .
(6) In fact, all usual groups of linear algebra, such as GL(n, R), SL(n, R),
O(n, R), U(n), SO(n, R), SU(n), Sp(n, R) are (real or complex) Lie groups.
This will be proved later (see Section 2.7).
Note that the deﬁnition of a Lie group does not require that G be connected.
Thus, any ﬁnite group is a 0-dimensional Lie group. Since the theory of ﬁnite
groups is complicated enough, it makes sense to separate the ﬁnite (or, more
generally, discrete) part. It can be done as follows.
Theorem 2.6. Let G be a real or complex Lie group. Denote by G 0 the connected
component of identity. Then G 0 is a normal subgroup of G and is a Lie group
itself (real or complex, respectively). The quotient group G/G 0 is discrete.
Proof. We need to show that G 0 is closed under the operations of multiplication and inversion. Since the image of a connected topological space under a
continuous map is connected, the inversion map i must take G 0 to one component of G, that which contains i(1) = 1, namely G 0 . In a similar way one
shows that G 0 is closed under multiplication.
To check that this is a normal subgroup, we must show that if g ∈ G and
h ∈ G 0 , then ghg −1 ∈ G 0 . Conjugation by g is continuous and thus will take
G 0 to some connected component of G; since it ﬁxes 1, this component is G 0 .
The fact that the quotient is discrete is obvious.


